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ABSTRACT
We propose that fast scrambling on finite-entropy stretched horizons can be modeled
by a diffusion process on an effective ultrametric geometry. A scrambling time scaling
logarithmically with the entropy is obtained when the elementary transition rates saturate
causality bounds on the stretched horizon. The so-defined ultrametric diffusion becomes
unstable in the infinite-entropy limit. A formally regularized version can be shown to
follow a particular case of the Kohlrausch law.
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1. Introduction
The notion of stretched horizon (SH) has been a recurring meme in the study of black
hole dynamics [1,2,3]. Physical processes in the near-horizon region effectively freeze out
if measured in terms of the asymptotic static time variable. In describing the interactions
of a black hole with its surroundings, it becomes then useful to replace the intricate near-
horizon details by an effective system defined on a time-like surrogate of the horizon. At the
classical level this picture is known as the ‘membrane paradigm’, which is very efficient in
modeling the astrophysics of realistic black holes, and specifies the SH as a hydrodynamical
system with a set of characteristic transport coefficients. At the quantum level, a finite
region of the SH with area A is specified to have a finite density of states proportional
to exp(SA) = exp(A/4G) where G is Newton’s constant. Matching to the near-horizon
description by local quantum field theory (technically defined as an expansion in powers
of 1/SA) fixes the thickness of the SH to be Planckian (cf. [4]).
A systematic derivation of the SH effective theory from ab initio holographic for-
mulations, such as the AdS/CFT correspondence, remains elusive except in the limit of
infinite specific entropy SA = ∞, in which the remaining relevant time scale is given by
the inverse Hawking temperature β = T−1. Other time scales, such as the evaporation
scale tev ∼ β S and the recurrence scale trec ∼ β e
S exist at finite S. A new one was
proposed in [5,6] associated to the fast scrambling conjecture, stating that near-horizon
thermalization processes should saturate causality constraints. On general grounds, the
arguments put forward in [5,6] identify the relevant time scale as the light-crossing time
across the near-horizon (Rindler) region, down to the Planckian stretched horizon. With
this formal characterisation, it was shown in [7] that one always obtains a universal result
for the scrambling time, valid for any type of horizon:
tS ∼ β log S∗ , (1.1)
where β = T−1 is the inverse Hawking temperature and S∗ is the effective number of
degrees of freedom in one thermal cell, i.e. the amount of horizon entropy contained in
one SH volume of size β (measured at the outer edge of the Rindler region).
The heuristic arguments behind the original proposal have a distinctive kinematical
flavor, to the extent that the interpretation of (1.1) as a scrambling time is far from
obvious. In this paper we review previous work showing that (1.1) does arise as the true
scrambling time scale for various diffusion processes which can be shown to arise in the
near-horizon region under some extreme dynamical assumptions. This is done in section 2.
In section 3 we introduce a more phenomenological approach where we discuss non-local
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diffusion processes taking place at the SH, assuming saturation of causality constraints, as
dictated by the near-horizon geometry. A natural mathematical structure encoding these
constraints is the notion of ultrametricity. We end in section 3 with some conclusions and
outlook.
2. Optical Frame And Atmospheric Scrambling
Working locally, let us model a stretched horizon as the membrane (more generally
d-brane) sitting at fixed y = y∗ coordinate in (d+ 2)-dimensional Rindler,
ds2 = −y2 dt2 + dy2 + d~x 2 , (2.1)
which approximates near y = 0 any non-degenerate event horizon over distances small
enough to neglect the local curvature. We use dimensionless coordinates in units where
β/2π = 1, with T = 1/β the Hawking temperature. The local temperature at coordinate y
is then 1/2πy, so that the metric must be cut-off at the end of the near-horizon region, y ≈
1, and subsequently matched to the far-metric of the black object. In realistic situations,
the metric (2.1) is taken as an approximation of the near-horizon region on sufficiently
small longitudinal scales of order |∆~x | ≪ β, well within a thermal cell of the horizon. In
order to fix y∗ in our units, we notice that the Bekenstein–Hawking entropy of an ~x domain
of size β is S∗ ∼ (β/ℓP)
d = (2π/ℓP)
d. Since the SH is determined by a Planckian local
temperature
T∗ =
1
2πy∗
= mP =
1
ℓP
,
we find the matching
(y∗)
d =
1
S∗
(2.2)
with determines y∗ in our dimensionless units.
Despite the fact that the induced metric at the SH surface y = y∗ is flat, the causality
constraint on the SH is nontrivial. One way to exhibit this fact uses a conformally related
metric, the so-called ‘optical frame’, obtained by rescaling the physical metric in such a
way that the static redshift disappears, i.e. for (2.1) we have
d˜s
2
= −dt2 +
dy2 + d~x 2
y2
, (2.3)
which describes the direct product of the time line with a (d+ 1)-dimensional hyperbolic
space. Being conformally related, the metrics (2.1) and (2.3) share the same local causal
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structure. In particular, null paths connecting two points at the y = y∗ surface correspond
to geodesic hyperbolic arcs in the Hd+1 space, cut-off at y = y∗. The resulting time of
flight across a ~x-coordinate domain of magnitude 2L is
tL = 2 log(L/y∗) = 2zL , (2.4)
where we have defined the so-called ‘tortoise’ or Regge–Wheeler coordinate, z = log(y/y∗),
normalized so that z∗ = 0 at the stretched horizon. Equation (2.4) shows that the fastest
causal connection between two points separated by an amount of order L in the SH scales
only logarithmically with L. This contrasts with the causal time for any transport within
the SH which, if taken in isolation, would be proportional to L, or even O(L2) if the
usual diffusion processes are assumed. Fast scramblers can be defined as those for which
the spread of information saturates (parametrically) the causality bound. For the SH to
thermalize that fast, the relation (2.4) implies that a patch of S∗ degrees of freedom, with
size L∗ ∼ ℓP S
1/d
∗ must be scrambled in a time tS ∼ log(S∗), in units of the inverse Hawking
temperature β.
As pointed out in [8], the entire dynamics of low-energy effective field theory (LEFT)
on (2.1) can be rewritten on the optical frame (2.3) by means of a conformal map which
is formally singular at the horizon. The interesting fact about such an optical-frame
description is that the contribution of an effective operator of dimension ∆ to the action
in the physical frame (2.1): ∫
Rindler
Λd+2−∆O∆ , (2.5)
controlled by a mass scale Λ, translates into a position-dependent potential in the optical
frame (2.3): ∫
R×Hd+1
(Λeff)
d+2−∆ O˜∆ , (2.6)
controlled by the inhomogeneous scale
Λeff(y) ≈ Λ y , (2.7)
so that relevant operators on the LEFT are turned off as we approach the horizon, while
irrelevant operators, whose physical effects scale with inverse powers of Λeff , are enhanced.
In particular, any operator suppressed by Λ = mP in the physical frame becomes strongly
coupled on the SH, when evaluating its contribution to physical processes at energies of the
order of the Hawking temperature. Thus, the optical frame gives an operational definition
of the stretched horizon as the Wilsonian threshold of the LEFT, specified at the cutoff
y = y∗ surface of R×H
d+1.
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The equivalent presentation of near-horizon dynamics in terms of the (2.3) geometry
allows us to construct some simple models of what could be termed ‘fast atmospheric
scrambling’. Specifying a thermal state on the effective theory on (2.3) and assuming
interactions of O(1) strength, we can model the propagation of a probe on (2.3) as a
random walk with step of order β, playing out on an discretized hyperbolic space, i.e. an
expander graph (cf. [8], [9]). Standard results in expander graph theory imply that a graph
of size S∗ is scrambled after about logS∗ steps of the effective walk.
The expander graph model has two rather clear limitations. First, it requires a large
interaction rate within the whole Rindler region, i.e. a large marginal operator with ∆ =
d+ 2 in (2.6). Such an assumption is quite ad hoc in the context of black hole physics. In
fact, we should be able to neglect all interactions except gravitational ones, which are given
by irrelevant operators of the form (2.6) with ∆ > d+2, hence suppressed by inverse powers
of S∗. The second problem is that states which start highly localized at the SH boundary
of the expander graph undergo slow scrambling if no extra dynamics is postulated (cf. [8]).
To understand this, one notices that diffusion on (2.3) has an effective drift term biasing
the diffusion towards low y values. Starting from the diffusion equation on R×Hd+1:
∂t ρ = D∇
2
Hd+1
ρ
with diffusion coefficient D, we we can write a ‘radial’ equation for the reduced density
f(t, y, ~x ) = y−d ρ(t, y, ~x ) with the form
∂tf = Dd∂zf +D∂
2
zf +Dy
2
∗e
2z ~∂ 2f ,
where we have transformed to the Regge–Wheeler coordinate z = log(y/y∗). This equation
can be interpreted as a diffusion equation on the flat (z, ~x ) hyperplane with an asymmetric
diffusion coefficient and a drift term directed towards the low-z region. Hence, this directed
drift prevents the probability distribution to explore high y values if it happens to start
at y = y∗. Rather, the distribution stays confined on the SH, whose induced metric is
essentially flat, leading to a slow-scrambling behavior.
A somewhat different set up which evades these problems is the ‘chaotic billiard’ model
of the SH (cf. [10]). In this construction we just regard the SH as a chaotic version of the
old brick wall of ’t Hooft (cf. [4]), capable of scattering a stable probe. Since the scattering
cross section at the SH should be of O(β2) in the length units of the optical metric, the
chaotic billiard model of a single thermal cell can be specified by a Hadamard (hyperbolic)
billiard with curvature radius β, volume S∗ in units of the curvature radius, and thus
O(S∗) ‘scatterers’ on its boundary. We can model the boundary scatterers as S∗ spheres
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of radius β carved out from the boundary of the hyperboloid. For such a billiard, the
randomization time of the probe is of the order of the crossing time, which is again given
by logS∗ in units of β. Thus, we see that the billiard model achieves fast scrambling in
the right time scale, the main problem of the model being the rather unphysical character
of the probe, whose interactions with the SH are restricted to a simple elastic scattering
in the fully classical approximation 1
3. An Ultrametric Diffusion Model
The two extreme examples discussed in the previous paragraphs show that hyperbolic
geometry holds a key to the ‘fast scrambling’ character, while at the same time illustrating
the fact that new dynamics must be postulated at the SH. We now take a more phenomeno-
logical attitude and try to combine the virtues of both previous models. We shall continue
to model scrambling in terms of discrete classical diffusion, but remove the assumption
of locality. Crucially, we also require the non-local diffusion kernel to just saturate the
causality requirements embodied in the relation (2.4). In other words, we shall restrict
the amount of non-locality of the SH dynamics by declaring it compatible with standard
locality in the near-horizon region. This assumption is natural if we are going to preserve
the applicability of the LEFT down to the edge of the SH.
One way of representing these conditions is to regard the SH as the boundary of a
cut-off expander graph, and then ‘integrate out’ the bulk of the expander graph, retaining
only the transition amplitudes between points on the boundary 2. Since expander graphs
are well-approximated by regular trees, we can simplify matters by considering a Cayley
tree of fixed branching rate b = d+1, which provides a discretization of a cut-off hyperbolic
geometry in d+ 1 dimensions [19].
A single thermal cell of the SH will be modeled by S∗ points over which we define a
positive probability density, ρ, undergoing discrete diffusion as specified by the equation
∂t ρ = W ρ , (3.1)
where ρ is a S∗-vector and W is a S∗×S∗ matrix of transition rates. Off-diagonal elements
must then be positive, Wi6=j ≥ 0, and normalization
∑
i ρi = 1 determines the (negative)
diagonal elements to be Wii = −
∑
j 6=iWij .
1 Other approaches to the Fast Scrambling conjecture may be found in [11,12,13,14,15,16,17].
2 A rigorous treatment of this computation, for the case of an infinite Cayley tree, may be
found in [18].
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The crucial hypothesis on the matrix Wij is the requirement that the individual rates
Wij between two points i and j of the SH be determined by the inverse of their causal time
separation tij , where the causal times are computed as the times-of-flight of photons across
the thermal atmosphere, via equation (2.4). Since we model the hyperbolic geometry by a
tree, the z coordinate appearing in (2.4) is to be replaced by the branching level n of the
tree, measured from the SH, in units of the inverse Hawking temperature.
Figure 1: Ultrametric tree structure associated to the transition matrix on the stretched horizon
(red dots). The random walk is defined just on the endpoints of the tree.
In order to avoid confusions with the use of expander graph diffusion in the previous
section, we stress that the internal nodes of the tree are not part of the SH, nor is the dif-
fusion process (3.1) ‘playing out’ on the tree. Rather, the tree is just used as a geometrical
encoding of the hierarchy of transition rates. We regard the points on the SH as the top
leaves of an auxiliary b-branching tree with b = d + 1. Any point on the SH has a single
ancestor at level n, which is shared among a total of bn = (d+ 1)n points in the SH. The
elementary transition time between any such points sharing a common ancestor is taken
to be proportional to the level n (by equation (2.4)), and be equal for all points sharing
the same ancestor. The characteristic time scale for the variation of the local density also
depends on the phase space of final states. In particular, the total probability to jump
from site i to any other point connected through a level-n ancestor is∑
jn
Wijn = d(d+ 1)
n−1Wn ≡ e
−In , (3.2)
where we have defined an ‘effective action’ for the transition through level n, characterizing
the effective ‘barrier height’. It becomes natural to include the entropic factor d(d+1)n−1
in the relation between the characteristic time scales and the matrix of transition rates:
e−In ∼
1
tn
∼
1
n
. (3.3)
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This expression is the main assumption of our model, stating that the effective action for
elementary transitions has a particular dependence with the ultrametric distance between
initial and final states:
In = log n+ constant , (3.4)
with exactly unit coefficient in front of the logarithm.
Such a hierarchical structure is characteristic of so-called ultrametric spaces [20], in
which distances are defined by ancestry rules such as those implied by the regular tree
specified here. More generally, an ultrametric structure defines distances in terms of an
ancestry level on a tree (not necessarily a regular one). The general solution to the dif-
fusion problem (3.1) on ultrametric spaces is well known (see for example [21]) and has
been intensely studied in the context of disordered media and spin glasses. The relevant
information is encoded in the spectral properties of the transition kernel Wij .
The completely scrambled state ρi = 1/S∗ is an eigenvector of W with vanishing
eigenvalue, all the rest being negative-definite. We choose to parametrize them in terms
of the quasi-normal frequencies Γr which are the eigenvalues of the negative kernel −Wij
and read,
Γr =
n∗∑
k=n∗−r+2
e−Ik +
d+ 1
d
e−In∗−r+1 . (3.5)
In this expression, the index r runs over all integers in the interval 0 ≤ r ≤ n∗, where
n∗ stands for the effective maximal ultrametric distance between the S∗ points of the SH
under consideration, and is determined by the relation (d + 1)n∗ = S∗. The expression
(3.5) degenerates for r = 0, 1, for which we have Γ0 = 0 and
Γ1 =
(
d+ 1
d
)
e−In∗ .
Notice that Γ1 is the leading quasi-normal frequency which, for the particular case of
interest (3.4) is given by Γ1 ∼ 1/ log S∗, up to coefficients of O(1). Being the smallest
positive quasi-normal frequency, it determines the time scale for exponential relaxation to
the uniform distribution,
tS ∼
1
Γ1
∼ log S∗ (3.6)
confirming that ultrametric diffusion with the particular barrier landscape (3.4) defines a
fast scrambler.
3.1. Instability Of The Infinite Entropy Limit
A distribution of the form (3.4) is well-known to have a a special significance in the
context of general ultrametric diffusion laws [20]. In standard applications in the theory
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of disordered media one usually considers linearly growing landscapes, with a law of the
form In ∝ n+constant. These systems exhibit quite slow diffusion, interpolating between
localization-type behavior and standard gaussian random walks (cf. [20]). On the other
hand, logarithmic landscapes with a barrier growth of the form
In = α log(n) + constant (3.7)
lead to the so-called Kohlrausch-law behavior, with a diffusion law that can be tuned to
be faster than a gaussian random walk. An interesting quantity which is sensitive to the
dynamical coefficient α in (3.7) is the return walk probability. Starting with an initial
distribution completely localized at a single origin point i = o, i.e. ρi(0) = δio, we consider
the return probability after time t, which can be written quite explicitly,
ρo(t) =
1
S∗
+
n∗∑
r=1
d
(d+ 1)n∗−r+1
e−Γr t , (3.8)
for the present case of a regular tree with branching b = d+1. For a landscape of the form
(3.7) the spectrum of quasi-normal modes reads
Γr ∝
1
(n∗ − r + 1)α
+ d
n∗∑
k=n∗−r+1
1
kα
, (3.9)
up to an overall O(1) constant c. Inserting this expression back into (3.8), after relabeling
the index sum we obtain
ρo(t) =
1
S∗
+
n∗∑
l=1
d
(d+ 1)l
exp
(
−c t
(
1
lα
+ d
n∗∑
k=l
1
kα
))
. (3.10)
The argument of the exponential in (3.10) scales as 1/lα−1 in the n∗ → ∞ limit,
provided α > 1. Otherwise, the random walk is not stable in the thermodynamical limit.
Assuming then α > 1 we may estimate the n∗ → ∞ limit by saddle point approximation
after converting the l sum into an integral, obtaining
ρo(t)S∗→∞ ∼ exp
(
−c′ t1/α
)
, (3.11)
the so-called stretched exponential or Kohlrausch law.
Hence, we find a very satisfying result. Our ansatz (3.4), which was motivated by
causality constraints in the near-horizon geometry, is exactly the critical ultrametric land-
scape in which the thermodynamic limit becomes impossible. Indeed, for α = 1 the expo-
nents in (3.10) all diverge logarithmically as S∗ →∞ and the random walk is completely
spread up to infinity at any time t > 0.
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The behavior of the autocorrelation function ρo(t) is usually characterized in terms of
the spectral dimension, d˜, defined by the long-time behavior as
ρo(t) ∼ t
−d˜/2 . (3.12)
With this definition, the Kohlrausch law (3.11) has an effectively infinite spectral dimension
at late times, a behavior that is characteristic of fast scramblers and diffusion in expander
graphs in general.
Incidentally, the ballistic properties can be codified in terms of (3.11) as well, since
the number of points covered by the distribution in time t is proportional to 1/ρo(t). The
ultrametric radius of this ‘ball’ is thus
reff(t) ∼ log (1/ρo(t)) ∼ t
1/α . (3.13)
Therefore, we recover the expected ballistic behavior reff (t) ∼ t precisely in the limit
α→ 1+.
We can view the α→ 1+ limit of (3.7) as an analytic regularization of (3.4) with the
property of stabilizing the S∗ →∞ limit and making contact with existing analysis in the
theory of ultrametric diffusion. It should be stressed, however, that the present application
to black-hole dynamics does not rely on the existence of a smooth infinite-entropy limit.
3.2. The Importance Of Being Decohered
Our entire discussion is based on a classical diffusion model, defined on a peculiar
substrate. It is interesting to ask for possible quantum generalizations of this set up. The
direct reinterpretation of W as a quantum Hamiltonian propagating an amplitude, rather
than a probability density, leads to the Schro¨dinger equation
i∂t ψi(t) =
∑
j
Wij ψj(t) . (3.14)
Solutions with a real initial condition, ψi(0) ∈ R, can be expressed in the form ψ(t) =
ρ(−it), where ρ(t) solves the diffusion equation (3.1). A probability density would be
obtained form ψ(t) in the usual fashion, as Pi(t) = |ψi(t)|
2. The physical interpretation
is that of a quantum probe hopping on an ultrametric lattice. It is easy to see that such
system exhibits localization properties, corresponding to the fact that eigenvectors of Wij
are indeed localized in ‘position space’. Given a branch point B at level n, the vector
vi(B) =
1
(d+ 1)n
χi(B)−
1
(d+ 1)n+1
χi(FB)
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is an eigenvector of Wij , where χi(B) is the characteristic function of all B-descendants
(equal to 1 if i descends from B and equal to 0 if i does not descend from B). The
point FB is the ‘father’ or first ancestor of B. Hence, we see that vi(B) has a degree of
localization given by the characteristic function of the immediate ancestor (cf. [21] for
detailed explanations). Initial components of the wave function with power on localized
eigenvectors will remain so under time evolution. To be more explicit, consider the value
of the amplitude at the origin, for a delta-function initial state ψi(0) = δio, following from
(3.10) by simple analytic continuation:
ψo(t) =
1
S∗
+
n∗∑
r=1
d
(d+ 1)n∗−r+1
eiΓr t .
The time-averaged quantum probability at the origin,
P¯o(t) =
1
t
∫ t
0
dt′ |ψo(t
′)|2
approaches
P¯o(∞) =
1
S2∗
+
n∗∑
r=1
d2
(d+ 1)2(n∗−r+1)
=
1
S2∗
+
d
d+ 2
(
1−
1
S2∗
)
in the infinite-time limit. Hence, we see that the probability of remaining at the origin
does not vanish in the limit S∗ → ∞, but rather approaches the constant d/(d + 2). At
large but finite S∗ it remains well above the uniform probability, of order 1/S∗, which
would correspond to a delocalized state. Hence, we see that the ultrametric structure
can only describe scrambling of probes after a suitable coarse-graining which must include
decoherence effects. It is tempting to speculate that perhaps the interactions of the SH
with the thermal atmosphere are enough to effect this required decoherence.
These considerations bring into focus a very interesting toy model for the study of black
hole scrambling (cf. Figure 2). We can consider a local Q-bit model on a cutoff expander
graph such as the Cayley tree, as a minimal representation of the thermal atmosphere, in
interaction with a non-local Q-bit model defined on the boundary of the tree, mimicking
the SH. The reduced density matrix of the SH is defined as the standard reduced state
after tracing out the atmospheric degrees of freedom in the tree:
ρSH = Trtree|Ψ〉〈Ψ| .
The degree of non-locality in the underlying boundary Q-bit model should be just right
in order to recover the present ultra metric diffusion model after suitable decoherence
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reduces the full density matrix ρSH to the diagonal probability density ρi(t) considered
in the analysis of this paper. It is a very interesting open problem to determine if such
a model can be constructed explicitly, and the interaction between boundary and bulk
degrees of freedom be adjusted so that the required decoherence takes place.
Figure 2: A discrete model encapsulating the scrambling properties of horizons consists of a local
Q-bit model defined on the vertices of a cutoff tree, with non-local dynamics on the boundary
sites (red dots), in such a way that the boundary state undergoes ultrametric diffusion after
decoherence.
4. Discussion
We have shown that non-local diffusion models on the stretched horizon, which inherit
the causal-saturation properties of the near-horizon region are naturally fast scramblers
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with the characteristic logS∗ time scale. We found this property to be equivalent to a
particular type of ultrametric structure, lying at the critical line separating stable and
unstable behavior in the large S∗ limit. To be more precise, the model is defined by
approximating the transition rates between points on the SH by ultrametric distances in a
discrete approximation of the near-horizon optical metric. This simple set up yields a fast
scrambler with no strict stability in the thermodynamic limit S∗ →∞. From the physical
point of view, it is unclear if a smooth thermodynamic limit is a tight requirement. It is
however interesting to note that a stable diffusion can be formally obtained by an analytic
regularisation of the landscape structure, given by (3.7), in the limit α→ 1+ which, while
not commuting with S∗ → ∞, defines a stable model with ballistic scrambling if the
thermodynamic limit is taken first in the regularised model. It would be interesting to see
if more complicated diffusion laws, perhaps incorporating a degree of non-locality in the
time variable, make the model less critical regarding the thermodynamic limit.
We have also shown that the ultrametric structure, if relevant to the problem of black
hole scrambling, must emerge as an effective construction after decoherence, since the
hopping of quantum particles on an ultrametric structure leads to localization rather than
scrambling. Such matters can be studied in an explicit toy model where the SH is modelled
as a non-local Q-bit model in interaction with a ‘black hole atmosphere’ furnished by a
local Q-bit model defined on a cutoff tree.
Further work is needed to determine whether ab initio motivated models for stretched
horizons (based for example on matrix models) can be shown to exhibit the ultrametric
structures uncovered in this work. It is plausible that these ideas could be of relevance for
attempts at a direct proof along the lines of [11].
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